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expansion, even for large n. In this approach, one obtains the coefficients of the g expansion as general functions of the dimension d. This allows us to calculate the numerical values of the geometrical quantities either by a pure 03B5-expansion to first order, setting d = 4 in the coefficients, or, better, in the g-expansion by using the values of the coefficients at d = 3 and the best known value of the Kuhnian fixed point g*. The probability distribution for the internal distances between any two points of the Kuhnian chain is reconsidered, and its normalized universal form is given. In particular we get very simple forms for three limiting cases : 1) the two points form a finite segment inside a very long chain, or 2) a finite segment at the extremity of the very long chain, or 3) are the extremities of the whole chain. We finally compare the form factor H [q] to the experimental data obtained recently by Noda et al. It is shown that in the large q region, it is possible to take into account polydispersity effects and obtain apparently a good agreement between theory and experiments.
J. Physique 47 (1986) 1633 Very long polymer chains in a good solvent have been the subject of numerous studies [1] [2] [3] [4] [5] [4] In reference [6] , we obtained precise information about the swelling of the various parts of a isolated Kuhnian chain. Elsewhere [7] , a simple renormalized calculation of the asymptotic form factor of a Kuhnian chain has been made (see also [8] [9] , who gave the first three terms of its small wave-vector expansion, using field theoretic methods. The same form factor was also considered by Ohta et al. [10] and found to be very close to its Debye approximation. We shall here make a more systematic study of this form factor, calculating all its moments, i.e. the average radii of gyration RJ2n] of order 2 n. We shall use direct renormalization [4] (see also [11, 12] [14] , and for the probability distributions of the endto-end distance, we recover a result of reference [15] . In some special geometrical cases, following the ideas used in our previous work [6] [6, 7] . We eliminate y = q2 S/2 in favour of the physical quantity x where X is the actual size (1.3) of the swollen Kuhnian chain.
One has where the swelling factor f£ 0 ( z) reads [6] :
Eliminating y in favour of x (2.8) in (2.4) and expanding to first order in z, we find the renormalized quantity Now this expression is finite when E = 4 -d goes to zero. For seing this, one has to regroup various terms of (2.10). We do this in Appendix B, for any dimension d. Then, using previous results [7, 4] it is possible to write -where 9 is the dimensionless second virial coefficient (in scaling form) [4] where Z ( S, S, b, e) is the two-chain connected partition function, and f (S, b, e) , the partition function of a single chain (both dimensionally regularized). Moreover, in the Kuhnian limit z -oo , we know that 9 reaches a fixed point value In the following 9 will have this meaning of the Kuhnian fixed point. The result is the renormalized expression of the form factor H[q] (2.10) where I2d, 13d are the same as in the original expression (2.10). We note that this renormalized expression, valid in first order in 9, yields an approximate expression of H for any d. One can take the limit d -+ 4 in the factor of 9, but one may also set d = 3 directly in (2.12), taking for 9 the best known approximation [4] In this respect, our result differs from previous studies [10] where only the pure E-expansion has been considered. As we shall see later, this approach makes the agreement with experiments better. For large values of x = q2 X2/2 the asymptotic behaviour of H[ q] has been evaluated in reference [7] (see also [8] [9] (see also [10] ), and agree with ours. °A s already mentioned, our results are more flexible since we have at our disposal a dependence upon the dimension d, which will permit us to obtain approximate values better than the first order E-expansion.
We are now in position for calculating all the radii of gyration. [4] . The corresponding e-expansion is, according to (2.11) :
a well known result [9] . If we use the expansion (4.8) for d = 3, and take the best value (2.17) 9* = 0.233, we find while the naive e-expansion (4.9) with -= 1 gives
The best known value is given by the e-expansion to second order [13] The factor ( n + 1 ) ( n + 2 ) is Gaussian and such that ' N , =1 for Brownian chains, since for the latter :
The moments R [2n] can be found in a previous work [6] (see also [16] (2.3) and the diagrams contributing to !E ( q, S, o ) , at first order in the interaction b, are shown in figure 2 , and are naturally identical to the diagrams (0) and (1) of figure 1. We find immediately Owing to the expressions (3.7) and (5.8) off ( n ) , [8' ( n ), we find in first order in 9 :
where ABd (n) , Sd ( n ) are respectively given by equations (3.8) and (3.9) . Considering now the pure eexpansion of this ratio n we have to set d = 4 in Ad ( n ) , Sd ( n ) . Now we check that for n = 1, C ( n =1 ) =1/12, as it should [9] . Moreover, for n large, C ( n ) is a wellbehaved function, as expected. Indeed, the consideration of the ratio N n (5.10) has suppressed from And ( n ) the term Sd ( n ) , which contained, according to equation (4.14) , all the divergences of Ad(n) for large n.
In particular, for n -oo C ( n ) tends to the finite limit which can be evaluated to yield [17] So 14) , a complete set of universal ratios N n, which generalize the well known universal ratio N 1 = 6 RÕ/R2. 6 . Kuhnian probability densities. We shall now calculate, in first order in 9, the probability densities of having the two points s', s" along the chain, 0 , s', s" , S, in a relative position r in the ddimensional space. In a previous work [6] , we have calculated directly the whole set of moments associated with the probability density (6.1). A « preliminary » form of the unnormalized probability density itself has been given by Oono and Ohta [14] [14] , but differ on the whole, since these authors calculated only the unnormalized partition function.
We shall here exploit our results in some particular cases, where they can be written in a new and simpler universal scaling form.
We shall consider three particular cases of interest [6, 18, 19 ] (See Fig. 3) a) The segment is equal to the entire chain, this corresponds to t =1, and a' = a" = 0.
b) The segment is located at one extremity of the chain, for instance s" = 0, and thus a" = 0. Moreover, if this segment is infinitesimally small, or the chain is very long, then t -+ 0 and thus, according to (6.24) : a' --* + oo .
c) The segment is inside the chain and very small, or the chain is very large. This corresponds to t--+O and a'--+ + oo , a" -+ + 00 . [6] and write in general
We therefore find the expression of the probability density P (6.23) for the three cases a, b, c :
This formula is a totally expanded expression. It can be better written in the interesting reexponentiated form We have checked that these expressions naturally agree with the moments of P calculated directly in a previous work [6] . For a = 0, corresponding to the entire chain, equation (6.31) agrees with the result of reference [15] , but the reexponentiated form (6.32) is different from that of reference [15] . (The reexponentiation there is not minimal). For a = 1, 3 the probability densities have not been written before.
Here, using the proper scaling variables X = r2/2 Y2, and 9, we obtain quite simple universal forms. The quantity is a universal function of PI, calculated here in a form involving only 9 at first order. We note that expression (6.32) agrees with the expected scaling results [18, 19] . At short distances, we have where the exponents agree with the exponents calculated by different methods in reference [19] and [6] . We obtain here the universal coefficient to first order in 9, or E, which depends on the position along the chain.
At large distances, the expression (6.32) can be kept as such. It has the expected scaling form since
The indices U a have been obtained in previous work [6] by calculating directly the high moments of P. They are identical with the short distance indices 6 a (6.35), but this holds true only to the order E. We note that the -4 coefficient does not depend on the location along the chain. In figure 4 we have represented the three different probability functions [6] by calculating all the moments of the probability distributions (see also [14] ). It is interesting also to compare these probability functions (6.33) (6.36) to their Brownian equivalent, obtained for 9 = 0. It reads simply and does not depend on the location along the chain. In figure 4 , the difference between the geometrical properties of the Kuhnian and Brownian chains is thus manifest. Considering the maxima of the curves, one clearly sees the geometrical property of the Kuhnian chain: it is more swollen inside ( a = 3 ) then at its extremities ( a =1 ) , and the local swelling (a = 3,1 ) is greater than the global one ( a = 0 ) . = 0, we find by interpolation The corresponding asymptotic curve (As.) is represented on both figures 5, 6 . This curve is calculated without any adjustable parameter, and since we use the best known value of the critical index v = 0.588, and the interpolating value (7.3), it should give a quite good representation of the real curve for x large. In figures 5, 6 are also represented two simple approximations, the Debye form factor (curve D) and the uniform swelling approximation, of Peterlin [22] , Benoit [23] , Ptitsyn [24] (curve P) :
for v = 0.588. We see that the curves D and P are quite different from the results of renormalization theory, i.e. the curves R and As. figure 5 is in the renormalized curve R which is calculated now in the d = 3 approximation, 9 being taken equal to 9* = 0.233. The curves D, As, P stay unchanged. This approximation for R is better, since R is asymptotically closer to the nearly exact asymptotic curve As. Curve R is also closer to the experimental points.
We note that the two curves R of figure 5 and figure 6 are different for large x. Since the asymptotic curve (7.1) (7.3) should be good in the high q region, it can serve as a reference curve. Thus we see that the curve calculated for d = 3, 9 = 0.233 (Fig. 6) is better than the curve of pure --expansion, with d = 4 in the prefactors (Fig. 5) [20] , (Fig. 5) , which corresponded to three samples of polystyrene in toluene.
However, we had to make a conversion since the abscissa variable of reference [20] Yamakawa [25] for a simple Debye from factor. The value x" is, according to our formalism, the actual value to be given to the experimental abscissas, since we have chosen to refer these data to our theoretical prediction, calculated for a monodisperse system (Appendix B). We have done this for the six last experimental points of Noda et al. [20] . These points correspond to the sample called F.2000 in reference [20] [26] . They found as a preliminary result 1 + p = 1.35, which would be quite a large polydispersity. We prefer here to adopt tentatively a lower value. For this, we consider the polydispersity of the other sample F.850 used in [20] , and having the same manufacturer [27] . The latter gives the polydispersity for F.850 = 1 + p =1.17. This is already an important polydispersity, and the polydispersity of the sample F.2000, of greater molecular weight, could be greater and close to 1.20 [28] . So, using tentatively the value p = 0.17, and v = 0.588, we find for (7.7) :
. The resulting position of the last six experimental points, using (7.6) (7.8), is shown in figures 5, 6 by full circles. One observes the striking fact that these points lie now quite close to the curves predicted by renormalization theory ((R) and (As», in figure 6. One notices that the agreement is less good with curve R of figure 5 [20] (Fig. 5) (3.11a) and take for 9 the value 9* = 0.233. In this case equation (7.10) gives So, we see that in this case the two methods give quite comparable values, which lie between the numerical Kuhnian value (7.9) and the Brownian one (7.11) . It is amusing to note that if we take the case d = 4, 9 = 1/8, we could also set d = 4 in the Brownian prefactor of (7.10) and find (i.e. R2 = dX2). We also defined the set of universal ratios which generalize the usual ratio N 1= b R'&#x26;/ R2, and we gave their E-expansion to first order. This expansion was observed to be well-behaved, even for n -+ oo , and 00 was calculated. We 
